Abstract: A stochastic beam generated by a recently introduced source of Schell type with rectangular multi-Gaussian spectral degree of coherence is shown to posses interesting novel features on propagation in uniaxial crystals. The analytical expression for the crossspectral density function of the rectangular multi-Gaussian Schell-model (RMGSM) beams propagating in uniaxial crystals orthogonal to the optical axis is derived. With the help of the derived formula, the evolution properties of the spectral density, the effective beam width, and the spectral degree of coherence of the RMGSM beams in a uniaxial crystal are investigated in detail. It is shown that the evolution properties of an RMGSM beam in uniaxial crystal are much different from its evolution properties in free space, and the propagation properties of the RMGSM beams in uniaxial crystals are closely related to the initial beam parameters (beam index M and spatial coherence length) and the parameters of the uniaxial crystals (the ratio of extraordinary and ordinary refractive indices). The results demonstrate the potential of uniaxial crystals for modulating the properties of the RMGSM beams.
Introduction
Over the past few decades, Gaussian Schell-model beams of which the correlation functions satisfy Gaussian distributions have been studied extensively due to their wide applications [1] - [6] . Recently, the sufficient condition devising a genuine correlation function of a scalar or electromagnetic partially coherent sources was introduced by Gori et al. [7] , [8] . Since then, more and more attention have been paid to partially coherent beams with non-conventional correlation functions, and a wide novel variety of partially coherent beams were introduced, such as non-uniformly correlated beams [9] , [10] , Multi-Gaussian correlated Schell-model beams [11] - [14] , Laguerre-Gaussian correlated Schell-model beams and Bessel-Gaussian correlated Schell-model beams [15] , and cosine-Gaussian correlated Schell-model beams [16] , [17] , etc. These partially coherent beams exhibit extraordinary propagation properties, for instance, random sources with non-conventional correlation functions can generate specific far-zone spatial intensity distribution [18] . In particular, the partially coherent beams produced by the Multi-Gaussian Schell-model sources generate far fields with flat-topped intensity profiles [11] - [14] , [18] , which have broad application prospects in the area of free-space optical communications, sensing, material thermal processing, and design high superluminescent diodes [19] , [20] . Propagation properties of the MGSM beams in free space and in turbulence atmosphere have been studied in detail [13] , [21] - [24] . Moreover, Wang et al. have generated the MGSM beams in experiment [25] .
On the other hand, uniaxial crystals can exhibit some interesting optical properties, such as double refraction, optical rotation or polarization effects [26] , thus, investigation of the propagation properties of light beams in uniaxial crystals plays an important role for designing polarizers and compensators [26] , [27] . During the past years, the propagation of various beams in uniaxial crystals have been studied [28] - [37] . However, little attention was paid to the propagation properties of the partially coherence beams with non-conventional correlations in uniaxial crystals. Recently, Zhu et al. studied the evolution properties of the beam irradiance, beam diameters and the spectral degree of coherence of the LGCSM beams propagation in uniaxial crystals orthogonal to the optical axis [38] . In this paper, we have studied the propagation properties of the RMGSM beams in uniaxial crystals orthogonal to the optical axis. Analytical expressions of the RMGSM beams propagating in uniaxial crystals are derived, and the influences of the initial beam parameters and the ratio of extraordinary and ordinary refractive indices on the spectral density, the effective beam width and the spectral degree of coherence of a RMGSM beam in uniaxial crystals are investigated by using numerical illustrations.
Propagation of the RMGSM Beams in Uniaxial Crystals Orthogonal to the Optical Axis
In this paper, we assume that the propagation of a light beam passing through uniaxial crystals orthogonal to the optical axis, the optical axis of the uniaxial crystals coincides with the x axis and the beam travels along the z axis. Therefore, the relative dielectric tensor of the uniaxial crystals can be expressed as
where n o and n e are the ordinary and extraordinary refractive indices, respectively. Within the framework of paraxial approximation, the Cartesian components of the light beam in uniaxial crystals obey the following expressions [39] :
where k 0 = 2π/λ is the wavenumber in vacuum, with λ being the wavelength, ρ = (x, y) and r = (x 0 , y 0 ) are the position vectors in the output plane z and the input plane z = 0, respectively. Therefore, it can be seen easily that E α (x 0 , y 0 , 0) and E α (x, y, z) (α = x, y) are the electric fields in the input plane and the output plane, respectively. It is shown in (2) and (3) that the x component undergoes a diffraction spreading its shape differently along and orthogonal to the optical axis (x axis), whereas y-component of the electric field coincides with the Fresnel expression describing the paraxial propagation of the beams in isotropic media. In this work, we study only the propagation properties of an x linearly polarized light beam. Now, let us study the propagation of the RMGSM beams through uniaxial crystals orthogonal to the optical axis. For the partially coherent fields, we can express the cross-spectral density (CSD) in the source plane (z = 0) and the output plane z of uniaxial crystals as [1] 
where the angular brackets denotes the ensemble average and the asterisk stands for complex conjugate.
Substituting (2) and (4) into (5), the CSD function of partially coherent beams at propagation distance z in uniaxial crystals can be expressed as
For the RMGSM beams, the CSD function in the source plane can be expressed as [12] 
where σ is the rms source width, δ x and δ y are the rms correlation widths along the x and y directions,
M is the beam index, and C
) is the normalization factor, with (
M m
) as binomial coefficients.
To evaluate the integration in (6), we define the sum and difference vector notation such that
Then, (6) can be written as
× exp i n e k 0 z (y s y d + y 0s y 0d − y s y 0d − y d y 0s ) dx 0s dx 0d dy 0s dy 0d (10) with
Substituting (11) into (10), after some tedious but straightforward integration, we can express the CSD function of the RMGSM beams through uniaxial crystals as follows:
with
Equation (12) provides a convenient way to calculate and study the propagation properties of the RMGSM beams through uniaxial crystals. By setting ρ 1 = ρ 2 = ρ, we can directly obtain the spectral density of the RMGSM beams propagation through uniaxial crystals orthogonal to the optical axis
Next, we will determine the evolution properties of the effective beam width of the RMGSM beams propagation through uniaxial crystals orthogonal to the optical axis. According to the definition of the mean squared beam width, the effective beam width of the partially coherent beams at plane z is defined by the formula [40] 
where w x and w y are the effective beam width of the RMGSM beams in the x and y direction, respectively. Upon substituting from (14) into (18), after some tedious integral calculations, we obtain 
Numerical Examples
In this section, we investigate the evolution properties of the spectral density, the degree of coherence and the effective beam width of the RMGSM beams propagation through uniaxial crystals orthogonal to the optical axis by using numerical calculations. In numerical simulations, for simplicity, the initial parameters are chosen as λ = 632.8 nm, σ = 20 μm, δ x = δ y = 3 μm, M = 10, and n 0 = 2.616, unless other values are specified. First, let us consider the evolution properties of the spectral density of the RMGSM beams propagation through uniaxial crystals orthogonal to the optical axis. For comparison, we have plotted the evolution properties of the spectral density distribution of a RMGSM beam at several propagation distances for three different values of the extraordinary and ordinary refractive indices in Fig. 1 . In the case of n e = n o = 1 (see the upper row of Fig. 1) , it represents the evolution properties of the spectral density distribution of the RMGSM beam propagating in free space. Under the condition of n e /n o = 1 (see the middle row of Fig. 1) , it represents the evolution properties of the spectral density distribution of the RMGSM beam propagating in isotropic crystals. It can be seen from Fig. 1 that the distribution of the spectral density from a Gaussian profile of source plane gradually become square flat-top profile with the increase of transmission distances when the RMGSM beam propagating in free space. Similarly, the spectral density can also appears as far fields with square flat-top profile distribution when the RMGSM beam propagating in isotropic crystals, but the spreading of the RMGSM beam propagating in free space will be wider than the spreading of the RMGSM beam propagating in isotropic crystals. Different from the previous two cases, it can be seen from the lower row of Fig. 1 that the beam spreads more rapidly in the direction along the optical axis (x direction) than the orthogonal to the optical axis (y direction) due to the anisotropic effect of the crystals cause noncircular symmetry of the beam profile during propagation.
It can be found easily from (19)- (22) that the effective beam widths of the RMGSM beams in the uniaxial crystals are not only dependent of the propagation distance z but also closely determined by the values of extraordinary and ordinary refractive indices n e /n o and the initial beam parameters M, σ, δ x and δ y . To learn about the influence of these parameters on the effective beam width of a RMGSM beam in the uniaxial crystals, Figs. 2-4 give the dependence of effective beam widths w x , w y and their ratio w y /w x of a RMGSM beam on the propagation distance z in the uniaxial crystal for different values of M, δ x , δ y and the ratio of n e /n o , respectively. It can be seen from Figs. 2 and 3 that the effective beam widths w x , w y increase more rapidly during propagation as the increase of the beam index M and the decrease of the spatial coherence lengths δ x and δ y . We can also find the effective beam width w x is larger than the effective beam width w y at a same propagation distance. On the other hand, it can be found from Fig. 4 that the effective beam width w x increases with the increase of the ratio of extraordinary and ordinary refractive indices n e /n o , while the effective beam width w y decreases with the increase of the ratio of extraordinary and ordinary refractive indices n e /n o . In isotropic crystals (n e /n o = 1), the w y /w x remains constant on propagation, while in the uniaxial crystal the w y /w x increases on propagation due to the influence of the anisotropic diffraction. In addition, we find that all values of ratio w y /w x in Figs. 2 and 3 are equal when the propagation distance z is sufficiently large, but the value of ratio w y /w x in Fig. 4 approaches different constants as the ratio of n e /n o varies. In other words, the value of the ratio w y /w x of a RMGSM beam in the uniaxial crystals with far fields is independent of the initial beam parameters, while it is only dependent of the refractive indices (n e , n o ) of the crystal.
Next, let us turn to study the evolution properties of the degree of coherence μ of the RMGSM beams propagation in uniaxial crystals orthogonal to the optical axis. Fig. 5 shows that the spectral degree of coherence distributions of a RMGSM beam at several propagation distances for three different values of the extraordinary and ordinary refractive indices. One can find from Fig. 5 that the distributions of |μ(x d , y d , z)| in the source plane are the same, which consists of a concentric peak with four sidelobes. In the case of n e = n o = 1 (the RMGSM beam propagation in free space), the sidelobes gradually disappear and the concentric peak gradually largen with the propagation distance increases, and finally, it turn into a Gaussian profile. The evolution of |μ(x d , y d , z)| in anisotropic crystals (n e /n o = 1) is similar to that in free space, but the evolution speed of |μ( To study about the influence of the ratio n e /n o on the degree of coherence of the RMGSM beams in uniaxial crystals, we plot in Figs. 6 and 7 the modulus of the degree of coherence of a RMGSM beam propagation in uniaxial crystals orthogonal to the optical axis along the horizontal axis and the vertical axis at several propagation distances with several different values of the ratio n e /n o , respectively. One can find from the figures that the evolution speed of the degree of coherence of a RMGSM beam propagation in uniaxial crystals orthogonal to the optical axis along the horizontal axis increases as the increase of the ratio of extraordinary and ordinary refractive indices n e /n o , while the evolution speed of the degree of coherence along the vertical axis decreases as the increase of the ratio of n e /n o .
Conclusion
We have derived the analytical expressions for the cross-spectral density function of the RMGSM beams propagation in uniaxial crystals orthogonal to the optical axis, and the influences of the ratio of extraordinary and ordinary refractive indices and the initial beam parameters on the spectral density, the effective beam width and the spectral degree of coherence of a RMGSM beam in uniaxial crystals are investigated in detail. It is found that the evolution properties of the RMGSM beams propagation in uniaxial crystals are much different from those in anisotropic crystals and in free space. The evolution speed of the RMGSM beams propagation in free space and isotropic crystals is remains in rotational symmetry, while the evolution speed of the RMGSM beams propagation in uniaxial crystals along the x axis is different from along the y axis, which is caused by the anisotropic diffraction of the beam in uniaxial crystals. In addition, we also find that the value of the ratio w y /w x of a RMGSM beam in the uniaxial crystals with far fields is independent of the initial beam parameters, while it is only dependent of the refractive indices (n e , n o ) of the crystal. Our results show that the propagation properties of the RMGSM beams can be modulated by the uniaxial crystals, which will be useful in some applications where a RMGSM beam with special properties is required.
